Abstract. Bringmann, Guerzhoy, Ono, and the author developed an EichlerShimura theory for weakly holomorphic modular forms by studying associated period polynomials. Here we include the Eisenstein series in this theory.
Classically, the periods of a weight k (k ≥ 4 will always denote an even integer) cusp form f = l≥1 a f (l)q l (q := e 2πiτ with τ = x + iy ∈ C with y > 0) on Γ := SL 2 (Z) are given by (1) r n (f ) := i∞ 0 f (τ ) τ n dτ for integers n such that 0 ≤ n ≤ k − 2.
These periods appear in the coefficients of the period polynomial of f defined by
More generally, we will consider f = l −∞ a f (l)q l ∈ M ! k , where M ! k denotes the space of weakly holomorphic modular forms of weight k (these are meromorphic modular forms whose poles, if any, are supported at cusps). In this case, the integrals in (1) and (2) may be divergent. In [1] , Bringmann, Guerzhoy, Ono, and the author found a way to avoid this obstruction by considering the formal Eichler integral of f given by
The period function of f as defined in [1] is
where
For a cusp form f , this agrees with (2) . Therefore, in analogy with (2), we define r n (f ), the periods of
k whose forms have vanishing constant term) and the space generated by the weight k Eisenstein series,
and B k is the kth Bernoulli number. It was noticed, in [1] , that by restricting to forms in S ! k , the period functions in (4) are actually polynomials. Here, we will study period functions, so it suffices to consider r(G k , z) and the "extra periods" in (4) that depend on a G k (0).
With respect to previous work relating periods to L-values [1, 5, 6, 7] , we would like to interpret the "extra periods" in (4) in terms of the L-series for G k . We do this by following Zagier in [7] . Define the L-series for G k by
has a meromorphic continuation to the complex plane and satisfies the functional equation
Furthermore, L(G k , s) has a pole only at the point s = k, which is simple, with
as the quotient
, we see that this quotient has a simple zero at each integer n such that n ∈ {0, 1, . . . , k − 2}, and the first derivative at the point n = k − 1 is −1/(k − 1). This motivates the definition of the nth normalized period of G k to be
Combining the above discussion with identity (3) reveals that
In general, for a weakly holomorphic modular form f ∈ M ! k , we combine (4) and (5) to define r n (f ) (for n ∈ Z), the normalized periods of f , by
Combining (4), (5), and (6), we find that the normalized periods of f are given by
It is natural to consider an Eichler-Shimura isomorphism in this context extending the work of [1, 5, 7] . In this direction, let V k be the space of polynomials in z of degree at most k − 2, and define the larger space 
and
The space V k splits as a direct sum
even and odd functions. This splitting induces further splittings of the subspaces
with r ± (f ; z) ∈ W ± k . Denote the space of weight k holomorphic modular (resp. cusp) forms by M k (resp. S k ). Then the classical Eichler-Shimura isomorphism (see [5] ) says that we have isomorphisms r ± : S k → W ± k . In [7] , Zagier extended this to show that the maps r ± : M k → W ± k are isomorphisms. Here, we extend things further to produce an Eichler-Shimura isomorphism theorem for M 
Proof. The surjectivity of the restricted map r : S ! k → W k was established in [1] . This together with the observation in [7] that r(G k ; z) ∈ W k \W k gives us exactness of the sequence at
Combining Theorem 2 with the isomorphisms r
In contrast, we may start with the following isomorphism considered in [1] and [3] :
from which (9) follows easily by a dimension argument. This suggests that the "multiplicity two" Hecke theory in [1] can be extended to include the Eisenstein series G k and a one-dimensional subspace of S ! k whose nonzero forms have the same Hecke eigenvalues as G k . This motivates us to refine the notion of Hecke eigenform.
Let m ≥ 2 be an integer, and let T (m) be the usual mth weight k Hecke operator. We call f ∈ M ! k a Hecke eigenform if for each T (m) there is a unique complex number λ m such that [1] . Also, it is easily seen that the space D k−1 (S ! 2−k ) does not contain any Hecke eigenforms because for every m, the choice of λ m will not be unique.
1) Our definition includes classical (holomorphic) Hecke eigenforms and Hecke eigenforms with respect to S
2) Manin defined an action of Hecke operators on period polynomials in [6] which is compatible with the Hecke action on the associated modular forms. This action can be extended to period functions by using the more general definition of Hecke eigenform given here.
A routine calculation now gives us our next result, from which the extension of the "multiplicity two" theorem (Theorem 1.5 in [1] ) immediately follows. for cusp forms f and g. Haberland's identity expresses Petersson's inner product as a bilinear form in periods and was derived by Kohnen and Zagier in [5] . In [1] , the identity was formally extended to the space M ! k , and here, using the normalized periods in (6), we are able to express Haberland's identity in a much more concise and beautiful way. 
